This paper studies the Cauchy problem to a class of coupled nonlinear parabolic systems and investigates the asymptotic behavior of solutions to the problem. The blow-up theorem of Fujita type is established by the integral estimation and suitable supersolutions. Moreover, the critical Fujita exponent determined by the diffusion and the spatial dimension is given.
Introduction
We investigate the asymptotic behavior of solutions to the Cauchy problem of the coupled nonlinear parabolic systems by the following initial value problem:
where q ≥ p > m > 1 and 0 ≤ u 0 , v 0 ∈ C 0 (R n ) are nontrivial.
The related studies trace back to 1966, when Fujita [5] first investigated the Cauchy problem of the semilinear equation
and showed that the problem does not have any nontrivial global nonnegative solution if 1 < p < p c = 1 + 2/n, whereas there exist both nontrivial global (with small initial data) and non-global nonnegative (with large initial data) solutions when p > p c = 1 + 2/n. Then, it was proved that p = p c belongs to the blow-up case by Hayakawa [10] , Weissler [11] , and Kobayashi [21] . We call p c the critical Fujita exponent and the similar results as the blowup theorem of Fujita type. There have been many various extensions of Fujita's results thence, such as different types of parabolic equations, kinds geometries of domains, different nonlinear reactions, nonhomogeneous boundaries, etc. One can refer to the survey papers [1, 2, 4, 8, 9, 12, 13, 17, 22, 23, 25] and the references therein.
The critical Fujita exponent for the Cauchy problem of
was investigated by Galaktionov et al. in [6, 7] , where p > m > 1. It was proved that p c = m + 2/n. The Cauchy problem
with σ > -2 was considered by Qi [15] who proved that p c = m + (2 + σ )/n. The authors in [19] considered the Cauchy problem
where p > m ≥ 1 and 0
, then every nontrivial solution of equation (4) blows up in a finite time. If p > p c , there exist both nontrivial global and non-global solutions, with small and large u 0 , respectively, to the initial-value problem (4). Martynenko and Tedeev [14] considered the Cauchy problem of the following equation with an inhomogeneous density and a source term:
where
Under some restrictions on the parameters, the authors researched if any nontrivial solution to the Cauchy problem blows up in a finite time and established a sharp universal estimate of the solution near the blow-up point. In 1991, Escobedo and Herrero [3] investigated the following coupled systems:
where p, q > 0, and showed that a Fujita curve is
If 1 < pq ≤ (pq) c , any nonnegative nontrivial solution blows up in a finite time, whereas if pq > (pq) c , there exist both nontrivial nonnegative global solution (with small initial data) and nonnegative blow-up solution (with large initial data). In [16] , the authors studied the following Newton-filtration system:
with 0 < m < 1, p, q ≥ 1, and pq > 1. It was proved that the critical Fujita exponent is
However, for the case m > 1, the Cauchy problem of (5) does not have any results. The main difficulty is that it has a finite velocity of the disturbance propagation, but the propagation velocities of two equations may be different, that is why we choose the two special equations.
In this paper, it is proved that the critical Fujita exponent to the problem can be formulated as p c = m + 2/n. The main methods are inspired by [15, 19, 20, 24, 26] . We can prove that there are the blow-up solutions by using the integral estimation method. And the existence of nontrivial global solutions is shown by constructing self-similar supersolutions. For the system coupled by reactions, solutions to one equation may influence another equation. In order to guarantee the existence of the self-similar supersolutions, we set perturbation term (|x| + 1)
μ . Specifically, this ensures that the self-similar
) have the same support, i.e., β 1 = β 2 . The determination of μ depends on the definition of the supersolutions. By simple calculation, α 1 = α 2 = 1/(p -1),
The paper is organized as follows. Section 2 lists some preliminaries such as the definition of solution, the well-posedness of problem (1)- (3). Then, several useful auxiliary lemmas are given. At last, we obtain the blow-up theorems of Fujita type for problem (1)-(3).
Preliminaries
In the following, we define the subsolutions, supersolutions, as well as solutions to problem (1)-(3).
and for any 0 ≤ ϕ, ψ ∈ C 2,1 (R n × [0, T)) vanishing when t near T or |x| being sufficiently large, the following integral identities are satisfied:
When it is both a supersolution and a subsolution, (u, v) is called a solution to problem (1)- (3) in (0, T). (3) is said to blow up in a finite time 0 < T < +∞, which is called blow-up time, if
Otherwise, (u, v) is said to be global.
Next, we will give the existence theorem and the comparison principle to problem (1)-(3). 
As to the proofs of Theorems 2.1 and 2.2, one can see [18, 19] and the references therein.
Blow-up theorems of Fujita type
In this section, we establish the blow-up theorems of Fujita type for problem (1)-(3). Firstly, we consider the case p < p c . Proof Let
(|x| -1)π, 1 < |x| < 2, 0, |x| ≥ 2.
For l > 1, set
where C > 0 is a constant independent of l, and B r is the ball in R n with radius r and center at the origin. Let (u, v) be a nontrivial solution to problem (1)-(3) in (0, +∞). Owing to Definition 2.1, we can obtain, for any t ∈ (0, +∞),
and θ is to be determined. Using the Hölder inequality, one gets
where C 1 , C 1 > 0 independent of l. Combining these inequalities with (6), we obtain
with
, which imply that
and
where C 2 , C 2 , C 3 , C 4 > 0 are the constants independent of l. For the case -qn + n + μ < 0, one can select
It follows from (7), (8) , and (9) that
Owing to p < p c , we get
Recalling w l (0) is a nondecreasing function of l ∈ (0, +∞) with sup{w l (0) : l ∈ (0, +∞)} > 0, we have
Then (11) and (12) 
Since q ≥ p > m > 1, there exists a constant 0 < T < +∞ such that
Owing to supp ψ l (x) = B 2l , we find that
that is, (u, v) blows up in a finite time.
For the case -qn + n + μ = 0, select θ = 0. It follows from (7), (8) , and (9) that
Owing to n-2-m(n+μ)/q < 0, n-2-mn/p < (-np+n)(p-m)/p, and w l is a nondecreasing function of l, there exist δ , δ > 0, l 1 such that
where δ = min{δ , δ }. Thus, there exists a constant 0 < T < +∞ such that (u, v) blows up in a finite time.
For the case -qn + n + μ > 0, we still select θ = 0. By a similar argument as the case -qn + n + μ = 0, we can also prove that any nontrivial solution blows up in a finite time.
Turn to the case p > p c . To prove the existence of a nontrivial global solution to problem (1)-(3), we research self-similar supersolutions to system (1) and (2) of the following form:
for any r > 0, x ∈ R n , then (14) implies that (u, v) is a supersolution to system (1) and (2).
Lemma 3.1 Let p > p c and
where s + = max{0, s} and η > 0 is sufficiently small, while
Then there exists sufficiently small η > 0 such that (u, v) given by (14) and (17) is a supersolution to the system of (1) and (2).
Proof A simple computation can lead to
By the definition of A, we choose η 1 > 0 sufficiently small, and when 0 < η < η 1 , we obtain 
where 0 < r < ( (18) and (19) , for sufficiently small 0 < η 2 < η 1 and when 0 < η < η 2 < η 1 , we get (15) and (16). Since U, V ∈ C 1 ([0, +∞)), (u, v) is given by (14) and (17) which is a supersolution to system (1) and (2).
Theorem 3.2 Let p > p c . Then there exist both nontrivial global and blow-up solutions to problem (1)-(3).
Proof The comparison principle and Lemma 3.1 yield that problem (1)- (3) with small initial data admits a nontrivial global solution. Next, let us show the existence of a blowup solution to problem (1)-(3) with large initial data.
